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Abstract To elucidate the electroelastic field in woods,
which are piezoelectric bodies belonging to point group D,
we construct an analytical technique for general solutions to
electroelastic problems in these bodies. First, the constitutive
equations are derived considering the microstructures and
their combined behaviors. Then, the displacement and
electric field are expressed in terms of two types of dis-
placement potential functions and the electric potential
function, and their governing equations are obtained using
the fundamental equations for the electroelastic field. As a
result, the electroelastic field quantities are found to be ex-
pressed in terms of four functions, namely two elastic dis-
placement potential functions and two piezoelastic
displacement potential functions, each of which satisfies a
Laplace equation with respect to the appropriately trans-
formed spatial coordinates. As an application of the tech-
nique, the electroelastic field in a semi-infinite body
subjected to a prescribed electric potential on its surface is
analyzed, and the numerical results are illustrated. This
novel technique serves to investigate the electroelastic field
inside wooden materials.

Keywords Piezoelectric body - Point group D, -
Electroelastic problem - General solution technique
Introduction

The concepts of carbon neutrality have attracted consid-
erable attention recently because of an increasing demand
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for a reduction in environmental loads. From the viewpoint
of engineering production, wooden materials are one of the
most promising candidates for achieving carbon neutrality.

To ensure the quality of wooden materials, nonde-
structive evaluation techniques need to be developed. In
particular, the detection of local defects such as cracks,
knots, and pith is of great importance for ensuring struc-
tural integrity. Wood has been known as a piezoelectric
material since the middle of the 20th century, when Fukada
succeeded in experimentally verifying the direct and con-
verse piezoelectric effects of wood [1]. Using piezoelectric
effects, the mechanical behaviors of wood were investi-
gated; the piezoelectric signals were related to the profiles
of defects [2-4] and to the deformation [5, 6] and stress—
strain relation [7, 8].

Because wooden materials are composed of complicated
microstructures, a microscopic approach is preferable to
investigate their electroelastic properties in detail, and in-
vestigations from such an approach were actually made for
elastic [9, 10], dielectric [11, 12], and piezoelectric [13]
properties. In the design procedures of engineering appli-
cations, however, such an approach requires a considerably
high computational cost and is not practical. Therefore, a
macroscopic approach is required.

From a macroscopic viewpoint, woods are generally
recognized as orthotropic materials with their principal
axes in the longitudinal, radial, and tangential directions:
the piezoelectric constants as orthotropic materials are
actually detected [13, 14]. From a mesoscopic viewpoint,
however, woods are considered to belong to point group
D, [1], which is characterized by an oo-fold rotation axis
and a twofold rotation axis perpendicular to it [15]. More
specifically, the elastic stiffness constant and dielectric
constant exhibit the same symmetry as transverse isotropy,
but the nonzero components of the piezoelectric constant
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are dy4 and dps(= —dy4) only, allowing the oo-fold rota-
tion axis be the third axis, and the pyroelectric constant
disappears. In that case, the electric field perpendicular to
the oo-fold rotation axis (third axis) induces shear strain in
the plane perpendicular to the direction of the electric
field, as shown in Fig. 1. In woods, D, symmetry appears
as follows. Many molecular chains of natural cellulose
aggregate into a microcrystalline structure called a mi-
celle, which belongs to point group C, and has the re-
sultant dipole moment in the chain direction; many
micelles aggregate into a microfibril and then into a fiber,
in a manner that makes the twofold rotation axes of C,
randomly parallel or antiparallel to the fiber direction and
orients the axes perpendicular to the twofold rotation axes
in random directions [1, 8]. As a result, Dy, symmetry
appears.

As stated above, the elastic stiffness constant and di-
electric constant of a body belonging to point group Dy
exhibit the same symmetry as those of transversely
isotropic bodies. Therefore, elastic problems, which do not
involve the piezoelectric constants, of bodies with D
symmetry can be regarded as elastic problems of trans-
versely isotropic bodies, which were extensively analyzed
for two- or three-dimensional cases, e.g., [16-31]. On the
other hand, electroelastic problems of bodies belonging to
point group D, were investigated experimentally for wood
[5-8]. To the best of our knowledge, however, theoretical
analyses of electroelastic problems in such bodies do not
appear in the literature.

In this study, therefore, we construct an analytical tech-
nique for obtaining general solutions to electroelastic prob-
lems in bodies belonging to point group D,,. First, the
displacement and electric field are expressed in terms of two
types of displacement potential functions and the electric
potential function. Then, the equations that these potential
functions should satisfy are obtained by the equilibrium
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Fig. 1 Piezoelectric effect through d4
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equations of stresses and the Gauss law. As a result, the
electroelastic field quantities, including the displacement,
strain, stress, electric potential, electric field, and electric
displacement, are found to be expressed in terms of four
functions, namely, two elastic displacement potential func-
tions and two piezoelastic displacement potential functions,
each of which satisfies a Laplace equation with respect to the
spatial coordinates transformed by the material properties of
the body. Moreover, as an application of the technique, we
analyze the electroelastic field in a semi-infinite body sub-
jected to a prescribed electric potential on its surface, which
is one of the most elementary models of nondestructive
evaluation by use of the piezoelectric effects, and illustrate
the results graphically.

General solution technique
Fundamental equations

We consider a piezoelectric body belonging to point group
D. The Cartesian coordinate system (x,y, z) is defined so
that the z axis is parallel to the oo-fold rotation axis of the
body. Let (uy, ty, ;) (&xxs Eyy, €225 Eyzs E2xs Exy)s (Trxs Tyys Ozzs
Oyzy 02y Oxy)s (Ex, Ey, E;), and (Dy, Dy, D;) be the compo-
nents of the displacement, strain, stress, electric field, and
electric displacement, respectively. The displacement—
strain relations are given as

o Ouy o Ou o Ou, o Ou, L Ou,
XX ax ) vy T ay b rvA 6Z bl VT T 6Z ay bl
Ou, Ouy _ Ouy | Ouy
2= T Ty T (1)

The constitutive equations of the body for an isothermal
case are given as

Oyx i C11 Cl12 C13 0 0 0 T
Tyy C11 C13 0 0 0
Oy, C33 0 0 0
Oy, - C44 0 O
O C44 0
Cl1 —C12
Oxy i Sym. T ]
Exx [0 0 07
Eyy 0 0 0
&2 0 0 0 N
X - E, », (2
28yz €14 0 0 E
282)6 0 —€14 0 ‘
26y L O 0 0]
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Exx 00y, 0oy, 00y —0, % n 00y, 00y ~o,
D, 00 0 ey 0 0 &yy Ox Oy 0z Oy 0z Ox 7)
D — O 0 O O —e O &2z aO'ZZ aau @O'yz -
¥ 14 e - =0,
D, 000 0 0 0f]5" 0z  Ox Oy
X
2¢,, oDy , oDy  OD; _ (8)
0 0 E, ox Qdy 0z
+ mi 0 Ey o, 3)
sym. s3] L E:

where c;;, 17, and ey; denote the elastic stiffness constant,
dielectric constant, and piezoelectric constant, respectively.
Equations (2) and (3) are derived in Appendix 1. The
components of stress and electric displacement are chosen
as dependent variables in Egs. (2) and (3) because the
governing equations are described in terms of those com-
ponents as shown later in Eqgs. (7) and (8). Here, by
denoting

{0'} = { Oxx  Oyy Ozz Oy Oz Oyy }T7
{e} ={en &y &z 28; 26 2ey }T7
{P}={D: Dy, D: }T: {E}={E: E E }Tv
[ecnn e c3 O 0 0 b
C11 C13 0 0 0
C33 0 0 0
[C] = C44 0 0 ’
C44 0
svm Ci1 —C12
| sym- 2
i 0o 0 00 0 e4 O O
] = m 0|, [(f=1]0 0 0 —ew 0
sym. 133 000 O 0 0

(4)

the energy density stored in the body, upic,o, is defined and
calculated from Egs. (2) and (3) as

o = 5 ({617 {2} + £} (D))
= Tyl + (Y ), g

For an equilibrium state to be stable, the quadratic forms
{e}"[c]{e} and {E}"[n{E} in Eq. (5) must be positive
definite. They are positive definite if and only if all the
principal minors of [¢] and [n] are positive [32]. By ar-
ranging these conditions, we finally have the conditions
required for the material properties:

ci1 >0, ¢3>0, c44>0, c;y—c2>0, ci1+cp>0, }

ciieys — ¢l >0, (e +c)es —2¢i3 >0, >0, 1733 >0
(6)

The equilibrium equations of stresses and the Gauss law
are given, respectively, by
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Governing equations for potential functions

We introduce the displacement potential functions ¢ and 9
as

_0p OV

dp U 1)
" — _
T Oy’

uy_ay ax7 uZ:ka_Z7 (9)

where k is an unknown coefficient at present. The com-
ponents of the electric field are expressed by the electric
potential function @ as

oo o) oo
Ec=——, E,=——, E,=——. 10
Ox Y Oy ¢ 0z (10)
Substituting Egs. (1), (9), and (10) into Egs. (2) and (3)
and the results into Eqgs. (7) and (8), we have
2

0
C[]Ap(p+[k613+(1 +k)C44]a—Z(f:0, (11)
62(/9
[c13 4+ (1 4+ k)cas] App + kesz Fa 0, (12)
Cl1 C12 6219 oD
5 Ay + cus 0z M, 0, (13)
G 0*®
el4a_z (Ap0) + (7711qu) + 133 a_zz) =0, (14)
where
a2 62
Ay =—+—. 1
P Ox2 + ayz ( 5)

For the governing Eqgs. (11) and (12), which are both for
@, to be identical, the relation
kC13 + (1 + k)C44 o kC33
i c13 + (1 4+ k)cyq

1 (16)

must hold. Solving Eq. (16) for k, we have

po U T Caa (c13 JrC44)M7 (17)
13+ Ccaq €33 — Caald

which leads to a quadratic equation for u:
cricaap — (cricas — el — 2c13¢4) 1+ 33044 = 0. (18)

Therefore, to solve u in Eq. (18), Egs. (11) and (12)
both become
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Goal) %9 o*

Ao+ s =0, (19)  Appd+ [y (14 K +n}Ap<aZZ) pan g =0,
Because the governing equation for the potential (26)

function ¢ is found to be independent of the electric where

potential function @ from Eq. (19), we refer to ¢ as an

elastic displacement potential function. On the other [y = 2c44 . _ s 2 _ el (27)

hand, because the potential function ¥ is found to be 3T e —en’ P T ey

coupled to the electric potential function ® through a
piezoelectric constant from Egs. (13) and (14), we
refer to ¥ as a piezoelastic displacement potential
function.

Governing equation for elastic displacement potential
function

Let us denote the two roots of quadratic Eq. (18) as y; and
U, the corresponding ¢ as ¢, and ¢,, and the corre-
sponding k as k| and k,. Then, from Eq. (19), the governing
equations for ¢; and ¢, are

o,

Ap; + 1 oz =0(=12). (20)
From Eq. (17), we have
:Cll,u,-—C44:(C13+C44)#i —1,2). (21)
C13 + C4q €33 — Caall;
When the condition
ey < Yenen = Cn (22)

2

holds, in other words, when the stiffness against the shear
in the plane containing the oo-fold rotation axis is low
relative to the other stiffness components, we can obtain,
from Eqs. (6) and (18),

M # Mo >0,y > 0; (23)

therefore, ¢, and ¢, are independent of each other. We
treat the case described by Eqgs. (22) or (23). The other
cases are omitted for brevity.

Governing equation for piezoelastic displacement potential
function

From Egs. (13) and (14), we have

2eiy 0D 0%
—— = A — 24
o — o 02 pV + 1 2 (24)
€14 0 62<D
AU A, @ =0, 25
BT 61( ) - M= 0z2 ( )

and, by substituting Eq. (24) into Eq. (25), we have

Equation (26) is rewritten as

o? 0?
(Ap+vl 6_Z2> <A +vza 2)19:0, (28)

where v; and v, are the two roots of a quadratic equation
with respect to v:

- [,u3 (l + kcouple) + ’7} v+ 3 = 0. (29)

When e4 # 0, we can obtain, from Egs. (6), (27), and
(29),

] 75 vy, v >0, vy >0, (30)
a general solution to Eq. (28) is obtained as
¥ = + 9, (31)

where ¢; and 9, denote general solutions to

o ,
(Ap+Uia—Z2)19j:0 (l: 1, 2) (32)

Moreover, by substituting the ¥ obtained in this manner
into Eq. (24), we can obtain the solution of ®.

General solution of electroelastic field

From Eq. (23) or (30), the governing Eq. (20) or (32) is
regarded as a Laplace equation with respect to
(x, v, 2/ /1) or (x, y, 2/1/vi), respectively, whose general
solutions are well established. By substituting the general
solutions for ¢, and ¥; (i = 1, 2) and the resulting electric
potential function @ obtained from Egs. (24) and (31) into
Egs. (9) and (10) and, furthermore, by substituting the re-
sults into Egs. (1)-(3), we have the general solutions for the
electroelastic field quantities in the body as follows:

3 3, (0 OV,
Z( _>’ “y_;(ay fﬁ)c)7

(33)
u; = a—Z; ki(Ph
o0 o) oo
E,=—— 3 = T A = ’ 34
Ox Y Oy 0 (34)
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2 2 2 2 2 2
B %, 07 B 0", 0
bor = ; (6)(2 + axay)’ o 2 <6y axay) b = Z
2 2
2¢y, = 1 e — =, 26, = 1 d 35
=3[0k 52 KON > ORI R (33)
2 2 2 2
o ; ( oY; 0 19[)]
28 = {2 e
Y ; Ox0y oxz  0y?
2 2 2 2 2
0~ o, 0%, o“p; 0°Y;
xx = : ki : - )
o ; {(Cn o2 +ci2 02 +Kic13 R + (e 612)6)66)7
2 2 2 2 2
0 ; loat?/} oY,
— 1 ki l _ _ —|,
Oyy ; |:<C12 o Lten 0y + kic13 612) (en Clz)@x@y}
o,
Ozz = Z (Cl3qu)l + ki iC33 az(g )7
i=1
1 4k) Po 0% oD ’ (36)
"“_C““Z k) 3 " aax] T E
62(p 0%, oD
o = (1 ! H—eyy—
Oz = C44 Z |: + k 6yaz] €14 ay ’
C11 —C12 Z aqul 6219, 6219[
Opy = -t
Y 2 &~ | OxQy oxz  0y?
e, 0%, oD
X €14 lZI: |:( + l) ayaz azax:| ;711 ax ’ ( )
B 37
2 2 2
0, 07 o o0
Dy = — 1 ; J -y =—, D.=—t33—
y €14 ; |:( + )azax ayaZ:| M ay z 133 aZ
Application z

In this section, the general solution technique presented in
“General solution technique” is applied to a concrete
boundary value problem. As a first step, we choose one of
the most fundamental problems to verify the validity of the
proposed technique.

We consider a semi-infinite piezoelectric body (x > 0)
belonging to point group D, as shown in Fig. 2, where the
z axis is parallel to the oco-fold rotation axis of the body. The
surface of the body is subjected to the electric potential
distribution ®(y,z), which is symmetric with respect to y
and z, and is free from stresses. It should be noted that this is
one of the most elementary models of nondestructive eval-
uation by use of the piezoelectric effects. The displacements
and electric potential are assumed to be zero at infinity.

@ Springer
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Analysis

The boundary conditions are described as

x=0: =0, 0,=0, U«\'}':O7 d):q)s(yvz)§
V24 +2 -0 u—0, uy—0, u;—0, &—0 '

(38)

By considering the symmetry of the electroelastic field,
it is found that @, is antisymmetric with respect to y and z
and that ¢J; is symmetric and antisymmetric with respect to
y and z, respectively. Therefore, the Fourier sine transforms
with respect to y and z and their inversions [33] are applied
to Eq. (20); the Fourier cosine transform with respect to y
and its inversion [33], and the Fourier sine transform with
respect to z and its inversion are applied to Eq. (32). Then,
by considering the conditions at infinity described by
Eq. (38), the general solutions to Egs. (20) and (32) are
obtained as

0, = 0/ / Ai(2, B) exp(=,4%) sin(ay) sin(B)dadf (i =1,2)
(39)

_ / / Ci(a, ) exp(—7,x) cos(oy) sin(fe)dodff (i = 1,2).
0 0

Vi = V o? + :uiﬂ27 Yoi = V o+ Uiﬂz; (41)

Ai(a, B) and Ci(a, B) (i = 1,2) are unknown constants to
be determined by the boundary conditions described by
Eq. (38). Furthermore, by substituting Eq. (40) into
Egs. (24) and (31) and integrating the result with respect to
z, the general solution of the electric potential function is
obtained as

2 oo 00
D — aﬁi / / (15 — 0;) PCi(a, B) exp(—y,%)
0 0

€14 U3 i=1

x cos(ay) cos(ﬁz)dfxdﬁ] . (42)

By substituting Eqgs. (39)—(42) into Egs. (33)—(37), the
electroelastic field quantities are obtained as

2 | 7T [ Ao B) exp (=)
)

i 70((: exp( Vm'x)

i{?

i=

0
= Zkz {/ / BAi (o, B) exp(—7,,x) sin(xy) cos(/ﬁz)dfxd/{|
00

i=1

} sin(oty) sin(ﬁz)dadﬁ},

() exp( 7))

[
[l

cos(ary) sin(fz)dedp 7,
+/uz O‘ exp( ?x)ix)

43
(40) (43)
where
E = 22: _ (13 — i)y, PCi(o, B) exp(—7,;x) cos(ay) cos(fz)dadfp
T el — Hz = 0i)Py pLila, P(—=VuiX y 7 ,
(u3 — v:)aBCi(a, B) exp(—y,;x) sin(ay) cos(Bz)dadB |, 3, (44)

e
Il
T | o
= |k
) Ml\)
0\8 0\8 0\8
0\8 0\8 0\8

(113 — v) B Cilor, B) exp(—7,,x) cos(ay) sin(fz)dodp
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yqu o, B) exp(—7,x)
+700Ci(, B) exp(—7,x)

—o?A;(or, B) exp(—y )

=70 Ci(a ( ) exp(—7,i%)

(1 + ki) pAi (e, ) exp(—7,:%)
L+ 20:BCi(0, B) exp(—p,x)

— (1 + ki)y,uPAi(x, B) exp(—7,,x)
| — aBCi(a, B) exp(—7,x)

— 27,04 (ct, B) exp(—7,,x)

— (207 + vif?) Ci(%, B) exp(—7,%)

+ ZV[)iO(Ci(OC7 ﬁ) exp(—y,)ix)

— 2o
_cuy 0/0/ [+(2ui+(l+ki)“3)ﬂ2:|

s =1 - ZVI)I-OCC,'(O(, ﬂ) CXp(—VUi.X)
- sin(ory) sin(fz)dodp
2 oo o0
Oy = 21: {// (c13t; — c33ki) BAi(e, B) exp(—7,:%)
= 0 0
o aﬁi /OO/OO 13 (1 + ki)opA (o, B) exp(—7 %)
. H3 G 0 o L + v, BCi(2, B) exp(—y,x)
6. = aﬁzz: 77 [ — ,u3(1 +ki)yyiﬁAi(aaﬁ) CXp(—V‘uiX)
H3 = A 0;afCi(2t, ) exp(—7y,:x)
Gy = aﬁi /OO/OO [ — zyyiOCAi(O(7 ﬁ) exp(_'yuix)
=T A N (207 + viB%) Ci(x, B) exp(—7,%)

] sin(azy) sin(ﬂz)dadﬁ},

] sin(ay) sin(ﬂz)docdﬁ},

1 cos(ay) cos(ﬁz)dfldﬁ} ;

(202 4+ (1 + ki):u3ﬁ2)Ai((x7 B) exp(—7,:x)

Ai(av ﬁ) €Xp (_V;lix)

1 sin(ay) cos(ﬁz)dadﬂ}

] cos(oy) sin(/iz)docdﬁ}

| sin(ay) sm(ﬁz)dadﬁ}
] cos(ay) cos(ﬁz)dddﬂ}a
] sin(ay) cos(ﬁz)dacdﬁ}»

] cos(ay) sin(ﬁz)dcxdﬁ}

] sin(ay) sin(ﬁz)dadﬁ} ,

(45)

(46)
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0 % :u3kcouple( +ki)o‘ﬁAi(a7 ﬁ) CXp(—))#iX)
eyl ]
Dx =M elalls ; 0 0 | ( (1 + kcouple) - l)i)yuiﬁci(aa [))) CXP(—VD,JC) ’
- cos(ay) cos(fz)dadp
o0 xR _lu3kcouple( + k )V/uﬁA (O( ﬂ) exp( yuix)
Cq4 / / 47
Dy =y, eralts ; 00 | ( (1 +kc0uple> — v,-) afCi(a, B) exp(—yp,x) ) (47)
- sin(ety) cos(fz)dodf
2 [ oo oo
¢ .
D; =133 31:; Z / / (13 — vi) B> Ci(a, ) exp(—7,%) cos(aty) sin(fiz)dod B
il o
. . 2
For the subsequent analytical procedures, the electric > 2
2 1 i A; 2y,:0C; =
potential distribution on the surface, ®(y, z), is expressed ; {200+ (1 Kps ] Ai(o0 ) + 20,09Ci(0, ) }
in the Fourier integral form [33] as 2
. > a1+ ki)p,aAi(o, B) + viafCi(e B)| =
i=1
s(y,2) = / / @7 (a, ) cos(ay) cos(fz)dadp, (48) 2
- > (29,404, B) + (207 +vif?) Ci(o B)] =
i=1
where 2 e
1 oo
> (45 = 0)BCi(er, ) = =205 (2, )
4 o0 o0 i=1 C44
@(0.5) =75 [ [ ®u0v.2)cos (y)cos (pr)dyz. (49) (50)
00 Equation (50) is solved as
By substituting Egs. (42), (46), and (48) into Eq. (38), a Ay (o, B) A% (o, B)
set of simultaneous equations for A; (o, f) and C;(a, ) (i = (e, B) ey O (e, f) 1 A3(at, B)
1,2) is obtained as Ci(o,B) [ cas B A, B) ) Ci(e p) [’ S
Ca(a, B) G5 (o, B)
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where
A(a,ﬁ) = 2[2#3 - (Ul + UZ)Kkl - kz)aznyVMZ(Vz)l - VUZ)

2(ky = k2)o? [7,07,2 (01 +72) — 1B (V1 + 7,2)]
—is(1+ k) (1 + k) (20 + w3 B) B2 (s — 7,2) ¢

+ (01 — 2)

- 40(4 (kl yul - kzyuZ)
2(v; — v2)o? [207 + (1 + ko) 3 7]

Ao f) = —aq +2[207 — i3 (1 +k2) 7,0 (02001 = vi0i2) ¢
—4uy(1 + k2)°<2“/u2(“/u1 —%2)
4(ky — kﬁ%“%’mhz%z
Ci(oB) = =4 + (20 + ) (0 — 7,2) [207 (02 — 113) — e

1+ k)1 + k)]

= 2p5(ky — kZ)Uzofzﬁz (“/m + Vyz) - 40‘4/13 (kl"/,u - kZ“/uz)

and Aj(a, f) and Cj(o, f) are obtained by interchanging
subscripts “1” and “2” in Aj(o, f) and Cj(a, f5), respec-
tively. By substituting Eqgs. (51) and (52) into Eqgs. (42)-
(47), the electroelastic field quantities are formulated.

Numerical calculations

The electric potential distribution on the surface, ®;(y, z),
is assumed to have Gaussian distributions with respect to y
and z with a maximum value @, and standard deviation 9,

2 2
®D(y,z) = Dy exp <—y e ) (53)

52
for which Eq. (49) is calculated as

5 [ (08)2+(po)?

O (o, p) = CI)O;exp ) . (54)

As the piezoelectric body, Sitka spruce (Picea sitchen-
sis) is chosen. Because it is hard to find a complete set of its
material constants, the required parameters are constructed
using data from several sources in the literature [34—36] as

c11 = 830.84 [MPa], ¢33 = 12.276 [GPa], c1, = 294.47 [MPa],

C13 = 472.07 [MPa], Cqq4 = 742.50 [MPa],
2

C
=16.823 x 1072
M X [N~m2

C
=22.490 x 1072

which satisfy Egs. (6) and (22). The construction of
Eq. (55) is described in Appendix 2. To illustrate the nu-
merical results, the following nondimensional quantities
are introduced:

(:5.5) =929 (.5 = BB,

=y _ (o 0n)
(ayz, %) = m. (56)

Equation (2) reveals that the shear stress o, reflects
mainly the electric field E, and that the shear stress o,
reflects mainly the electric field E,. Figure 3 shows the
distributions of the electric fields and the resulting shear
stresses. Figure 3a shows that the electric field E, is
maximum at the boundary x =0 and decreases mono-
tonically toward zero with x and that the resulting shear
stress gy, exhibits similar behavior. Figure 3b shows that

the electric field Ex and shear stress oy, are maximum at the
center of the surface electric potential and, roughly

c1 (0 (55)

], e1q = —0.14850 x 1073 [—2}
m
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Fig. 3 Distributions of electric fields and resulting stresses: a on x
axis (y=0, z=0),bony axis (x =0, z =0)

speaking, decrease toward zero with y and that, on the
other hand, the electric field EV and the resulting shear
stress o, are zero at the origin (because they are an-

tisymmetric with respect to y), reach their maxima around
the periphery of the surface electric potential (namely,

y = 1), and decrease toward zero with y.

Concluding remarks

In this study, we constructed an analytical technique for
obtaining general solutions to electroelastic problems of
piezoelectric bodies belonging to point group D.. We
found that the electroelastic field quantities can be ex-
pressed in terms of four functions, namely, two elastic
displacement potential functions and two piezoelastic dis-
placement potential functions, each of which satisfies a
Laplace equation with respect to the appropriately trans-
formed spatial coordinates. Moreover, as an application of
the technique, we analyzed the problem of a semi-infinite
body subjected to a prescribed electric potential on its
surface and illustrated the results graphically. Thus, this

X3! ) .X3

Fig. 4 Arbitrary rotation around the third axis

novel technique was found to serve to investigate the
electroelastic field inside wooden materials.

Appendix 1: constitutive equations for body with D,
symmetry

As stated in the Introduction, many microcrystalline struc-
tures called micelles, each of which belongs to point group
C,, aggregate into fibers in a manner that makes the twofold
rotation axes of C, randomly parallel or antiparallel to the
fiber direction and orients the axes perpendicular to the
twofold rotation axes in random directions. In this Appendix,
the constitutive equations are derived for wood species which
are viewed appropriately from such a standpoint.

The constitutive equations for a body with C, symmetry,
with its twofold rotation axis parallel to the third of the
principal axes of anisotropy (xi, X2, x3), are given as [37]

o cin c2 c3 0 0 ¢y €
) cn ¢z 0 0 &
o3 | _ ez 0 0 36| )&
04 e a5 O &4
a5 Cs5 0 &5
06 sym. Co6 €6
0 0 €3] ﬁ]
0 0 €3 ﬂz
E
0 0 e33 El Bs T
- 2 - 9
€14 €24 0 E 0
e1s €25 0 3 0
0 0 €34 ﬁG
(57)
€1
D1 0 O O €14 e1s 0 22
Dz = 0 0 0 €4 €25 0 83
D3 e31 ey e 0 0 ez ?i
&
Mi M2 O E, 0
+ 7’122 0 E2 + O T
Sym N33 Ej p3
(58)

Then, we consider the reference coordinate system
(xp, X, x3), as shown in Fig. 4. By employing the
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transformation laws for tensors [37], the elastic stiffness  temperature coefficient, and pyroelectric constant in the
constant, dielectric constant, piezoelectric constant, stress—  system (x, xy, x3) are obtained, respectively, as

cip = Forp(0)s My = g (0), ewjp = foy (0), By = f5:(0), pw = £,y (0)
(i, ] =1,2,3,4,56 kK, =1,2,3) ’

where

fh(0) = cos* 0 cqy +sin* 0 - cap + 2cos? 0sin® 0 - ¢1o + 4 cos® Osin® 0 - ceq
—4cos®0sinb - ¢ — 4cosOsin® 0 - caq,
fh2(0) = cos® Osin® 0 - ¢ + cos® Osin® 0 - ¢ + (cos* 0+ sin* 0) - ¢
— 4cos? 0sin® 0 - ceq
+ 2 cos 0sin 9(0052 0 — sin? 9) - 16 — 2 cos Osin 0(0052 0 — sin? 6) - C26,
fiha(0) = cos? 0 - ¢35 +sin® 0 - ¢p3 — 2 cos Osin 0 - ¢34,
w0 =0, 350 =0
fh6(0) = cos® Osin 0 - ¢1y — cos Osin’ 0 - ¢, — cos Osin 0(cos® 0 — sin® 0) - c1»
— 2 cos 0sin 9(0052 0 — sin® 9) - Cop
+ cos” 0(cos” 0 — 3sin® 0) - ¢ + sin” 0(3 cos® 0 — sin® 6) - ¢z,
L (0) =sin* 0 - ¢1y + cos* 0 - ¢ +2cos? Osin® 0 - 15 + 4 cos? 0sin® 0 - cq6
+4cosOsin® 0 - 16 + 4 cos® Osin 6 - ¢,
fihi3(0) = sin 0 - c13 + cos? 0 - cp3 + 2 cos Osin 0 - ¢34,
Fn(0) =0, f3(0) =0,
fhe(0) = cos0sin® 0 - ¢ — cos® @sin 0 - ¢35 + cos O'sin 0(cos 0 — sin® 0) - ¢y ; (60)
+ 2 cos 0sin 6(0052 0 — sin? 9) - Co6
+ sin® 0(3 cos® 0 — sin® 0) - c16 + cos” O(cos” 6 — 3sin® 6) - ¢,
3«3/ 0) = 0337
c3’4’ 0 0, c2'5'(0) =0,

L%, 0 cosOsinf - cj3 —cosOsinl - co3 + (cos 0 — sin 0) C36,

(0 €082 0 - cas +sin’ 0 - ¢cs5 + 2 cos Osin 0 - s,

64’6’ 0

L5(0) = sin? 0 - cgq + c0s? 0 - cs5 — 2cos Osin 0 - cys,

(0) =
(0) =
(0) =
()
64,5,(9) —c0s 0sin0 - cas + cos 0sin 0 - css + (cos® 0 — sin® 0) - cys,
()
(0)
5’6’(9)
(0)

6,6/ 0) = cos? 0sin®> 0 - ¢;; + cos> 0sin® 0 - cyp — 2 cos? Osin® 0 - ¢y,
+ (cos* 6 — 2 cos® Osin® 0 + sin* 0) - ce
+ 2 cos 0sin 0(0052 0 — sin’ 0) - c16 — 2 cos 0sin O(COS2 0 — sin’ 0) - €26,

5.0 =750 (,7=1,2,3,4,5,6
cj't cl'j
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i (0) = c0s? 0 - 17y; 4 sin® 0 - 75, — 2cos Osin 0 - 17,5,
2 (0) = cos Osin0 - iy — cos 0sin 0 - 1, + (cos® 0 — sin® 0) 1,
n1/3/(0) =
,12,2,(0) =sin? 0 - 1, +cos? 0 -1y, +2cos Osin 0 - iy, , (61)
;72/3’(9) =
fa(0) =
nl’k’(o) =/ k’l’( ) (K. 1'=1,2,3)
1'1'(‘9) =0, 1'2'( ) =0, fl’%’( ) =0,
o (0) = cos 20-e14+cosOsinf - e;s — cosOsin 6 - exs — sin® 0 - eas,
filis(0) = —cos Osin0 - e1q + cos® 0 - e15 + sin? 0 - ep4 — cos Osin 0 - eys,
el’()’(e) =
e2’ /(0) = e2,2,(0) =0, 2/%'(9) =0,
b (0) =cosOsin0 - ey + sin? 0 - e15 + cos” 0 - ey4 + cos 0sin 0 - eys,
fihs(0) = —sin? 0 - ey 4 cosOsin 0 - ;5 — cos Osin 0 - exs + cos® 0 - er5, ¢ (62)
2’6’(0) =
£l (0) = cos 20-e3 +sin’0 - e3p —2cos0-sin0 - e,
fihin(0) = sin 20 e3 +cos’0- ez +2cosh-sinb - esq,
vy (0) = es3,
e3’4’(9) = e3'5'(9) =0,
e (0) = cos0sin0 - e3; — cos O0sin 0 - ez + (cos 0 — sin? 0) - e36
Fin(0) = cos>0 - B, +sin>0 - f5 — 2cos Osin 0 - f, Fig. 4 and the 180°-rotation about x;-axis. Therefore,

f/E(()) =sin®0- B, +cos?0- B, +2cosOsin 0 - fig,
Tin(0) =B, f5u(0) =0, £5(0) =0,

f5e(0) = cos Osin 0 - f; — cos Osin 0 - B, + (cos” 0 — sin” 0) B

(63)
10(0) =0, £5(0)=0, £5(0)=ps. (64)
Next, we consider the reference coordinate system

(x1, X2, x3), as shown in Fig. 5. In the manner described
above, the material properties in the system (x, xp, X3)
are obtained as

cip = fay(0), Mer = frper (6),

pi = fu(0)
(", ) =1,2,3,4,56 k,I'=1,2,3)

ey = fuop(0), Br =1 (0),

(65)

By comparing Fig. 5 with Fig. 4, it is found that the
transformation in Fig. 5 consists of the transformation in

Teri (0)s fopon (0), £ (0), f5:(0), and £, (0) are obtained by
replacing

Fig. 5 Arbitrary rotation around the third axis and half-rotation
around the first axis
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(c16, €26, €365 Casy N2 €15, €24, €31, €32, €33, 1, P3) With
—(c16, €26, €365 Ca5, M12, €15, €24, €31, €32, €33, P16, p3) in
i (0)s Foger (0), fo (0), f5:(0), and £,4.,(0), respectively.
Because wood is considered to be composed of micelles
belonging to point group C,, as described above, it is con-
sidered that their material properties are obtained in terms of
the uniform composition given by Egs. (59) and (65) and a
uniform distribution for —n < 6 <. Thus, we have

AL I
Cij = b} [271 /7nfci’j’(6)d0 +271/nf;i’j’(0)d9:|7
11 [, 1
Ner = =5 |~7— fr]k’l’(g)dg + = fnk/l/((?)df) s

evj = { / ek,, 0)dO + — / Jowy (0 dO]
% [ / £5(0)d0 + - / (0 dﬁ}
Py = [ / £ (0)d0 + — / o0 d@}

(i =1,23,45,6 k’,l’=1,2,3)
(66)

By substituting Egs. (60)-(64) and f7,(0), fur(0),
Towp(0), £ (0), and £, (0) into Eq. (66), the elastic stiffness

constant, dielectric constant, piezoelectric constant, stress—
temperature coefficient, and pyroelectric constant in the
reference coordinate system (xy/, x», xy) are obtained,

[ 1/]1/1/ ’71/2/ ’11/3/ fr]]’l/ O ()
’12!2/ ’12/3/ = fn]/]/ O 5 (68)
L sym. N33 Sym. f’73’3/
_61/1/ 81/2/ 61/3/ 6174/ 61/5/ 61/6/
ezl 1 82/2/ 62/3/ 62/4/ 62/5/ 62/6/
L€y €32 exy  eyy e3x5 e3¢
000 fuw O 0
— 1000 0 —fuw 0], (69)
0O 0 0 O 0 0
{B B By Bu By B}
T
={fpr fpr fpx 0 0 0}, (70)
{pv pr py}'={0 0 0} (71)
where
3c11 + 3can + 2¢12 + 4ees
fcl’l’ = 3 )
Fy = c11 + ¢+ 6c12 — 4ces = c13 + 23 7
8 2
c + c +
fovy = ¢, fovw = 22 S = W’
1
J3y =33, fera = 7 (614 — es),
B+ B
Jpr = 27 Ty = Bs
(72)

respectively, as

crr Cry Cry Cry Crs o Clg
Cyy Cyy Cyy Cys  Cyg
Cyy Cyy Cys  Cyg
Cyy  Cyy Cag
Cs'sr Cs5¢
Sym. Ce'e!
[fevr ferr faz O 0 0 |
Jerv fay 0 0 0
fxy 0 0 0
= feaw 0 0 5
Jearw 0
sym. Jerv — fer
L 2 J
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Appendix 2: construction of material constants

In this Appendix, the material constants in Eqgs. (2) and
(3) are presented for Sitka spruce (Picea sitchensis).
Unfortunately, a complete set of its material constants
is not found under a common condition or in the form
of Egs. (2) and (3). Therefore, it is constructed using
data from several sources in the literature [34-36] as
follows.

The constitutive equations whose independent vari-
ables are the components of stress and electric field are
given as
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Exx I\/E —uw/E —w/E. 0O 0 0 Oy 0 0 0
&y 1/E —w/E. O 0 0 Oyy 0 0 O E
ez | 1/E; 0 0 0 O 0 0 O *
26, 1/G, 0 0 o (Flaw 0 o\ B[ (73)
282/\f I/GL 0 Ozx 0 —d14 0 <
265y sym. 20+ w)/E | | 0y 0 0 0
Orx represented by the value for the tangential direction, the
- dielectric constants in Eq. (74) are given as
D, 000 dy 0 0] o (7 are g
Dyp=1000 0 —dy 0[3°F . [ C .
S 00 0 0 0‘4 ol o= 0o, = erep = 16.823 x 10712 [m} NSy = eLto
- Oz 2
Oy = 22.490 x 1012{ 2], (78)
e, 0 07 (E N-m
+ i 2 Ey ¢, (74 where & denotes the permittivity of vacuum.
sym. 33 E; Because the piezoelectric constant dys(= —di4) for

where E and u denote the Young’s modulus and Poisson’s
ratio in the isotropic plane, namely the plane perpendicular
to the co-fold rotation axis; y;, the ratio of the normal strain
in the isotropic plane to that along the co-fold rotation axis;
G, the shear modulus in the plane perpendicular to the
isotropic plane; #7, the dielectric constant; dj4 the piezo-
electric constant.

By denoting the longitudinal, radial, and tangential di-
rections of Sitka spruce for an orthotropic material as L, R,
and T, respectively, elastic constants are given for ap-
proximate 12 % moisture content as [34]

E; = 11.880 [GPa],
Eg = 926.64 [MPa], Er = 510.84 [MPa,
GLR =1760.32 [NIPEE[}7 GLT = 724.68 [1\’[13'8.]7
ler = 0435, pre = 0245, = 0.372, ;= 0.467
(75)

To confirm the properties given by Eq. (75) to those by
Eq. (73), the material constants in the isotropic plane are
assumed to be the average of those in the radial and tan-
gential directions as
E = (Eg+ Er)/2 =718.74 [MPa,
1= (ugr + Hrz)/2 = 0.340,
GL = (GLR + GLT)/2 = 742.50 [1\/IPEJ.]7
t = (Mg + Hyr)/2 = 0.4195

The static specific dielectric constants for the longitu-
dinal and tangential directions are given as

e = 2.54, & = 1.90,

(76)

(77)

respectively, for an absolutely dried condition [35]. By
assuming the dielectric constant in the isotropic plane is

10 [Hz] takes on values around 0.2 [pC/N] under a repeated
heat treatment between 100[°C] and 220[°C] [36], we make
a rough estimate of the value as

pC

diy = —02 [—} . (79)

N

Finally, by converting Eqs. (73) and (74) into the forms
of Egs. (2) and (3), ¢j;, 1y, and e; are formulated as

1 _.L‘%,E/EL
C11 =F 2 9
(L+w[(1 — p) — 21 E/E;]
E L—u
C =
33 L(]_,U)_ZIJ%E/EL7
_ 1+ g E/EL (80)
C12 =F 3 y
(14 w[(1 = p) = 21 E/EL]
Hr
—E =G
13 (1—;1)—2;1%E/EL’ Ca4 Ls
Ny =N — GLd%zp N33 = N33, e = Grdis

By substituting Egs. (75), (76), (78), (79) into Eq. (80),
the material constants are obtained as shown in Eq. (55).
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