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Abstract 

This study confirmed that the loss tangent (or tangent loss, tan δ) obtained from the longitudinal vibration of a wood 
log increases with the apparent density difference between sapwood and heartwood, owing to moisture content dif-
ference. The reason for this was estimated to be the shear stress occurring when the longitudinal vibration is excited 
from the calculation of the longitudinal vibration equation for a cylindrical model with different sapwood and heart-
wood densities. According to the measurement of the vibrational properties of 35 sugi (Cryptomeria japonica) logs 
with large moisture content variation in the sapwood and heartwood, the tan δ for longitudinal vibration increased 
compared with that for flexural vibration when the apparent sapwood density exceeded apparent heartwood den-
sity, whereas the difference in the specific dynamic Young’s modulus (E/ρ) was small. To discover why tan δ increases, 
both the axial and shear strain energy were calculated from the numerical solution of the longitudinal vibration 
of a cylindrical model by only considering the apparent density difference between sapwood and heartwood. It 
was found that the shear strain energy increases with the apparent density difference. Because it is known from previ-
ous studies that tan δ from the shear strain (tan δS) is larger than that from the axial strain (tan δA), this study con-
cluded that tan δ increases with the apparent density difference. The ratio of increase of tan δ calculated by the model 
adequately explaange of the measured tan δ caused by the longitudinal vibration of a sugi log.

Keywords Green wood, Log, Longitudinal vibration, Loss tangent, Moisture content

Introduction
Various useful information, such as the density, strength, 
and moisture content, can be obtained from logs through 
non-destructive testing. This enables the detailed 
arrangement of the drying schedule and the estimation of 

the air-dried density before processing the logs, leading 
to efficient log classification. As non-destructive testing 
methods, previous studies have used X-ray or gamma ray 
penetration [1, 2], the measurement of speed and attenu-
ation of sound and ultrasound [3, 4], and the resonance 
frequency from impact vibration, such as flexural vibra-
tion by lateral striking or longitudinal vibration by cross-
sectional striking [5–7]. Particularly, the impact vibration 
method has the advantage of simplicity and provides 
an average value of the entire material. Therefore, this 
method has been used in previous studies to compare the 
Young’s modulus of logs and timber processed from logs 
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[5, 7]. Additionally, because the moisture content varies 
extensively from one log to another in some species, the 
authors developed a density-independent log moisture 
content estimation method using the specific dynamic 
Young’s modulus (E/ρ) and loss tangent (tan δ) obtained 
from the flexural vibration of a log [8, 9].

However, when the impact vibration method is used 
for materials whose properties and moisture contents are 
not uniform, such as logs, the measured vibrational prop-
erties, such as the resonance frequencies, E/ρ, and tan δ, 
may change owing to the different points of striking or 
measuring, or different vibration modes. Considering 
the inhomogeneity of logs, the difference in the moisture 
content between sapwood, which is responsible for con-
ducting water, and heartwood, which is responsible for 
supporting the tree body with dead cells, and the result-
ing apparent density difference, are much larger than the 
variations in the mechanical properties and oven-dry 
density in logs. As is well known, the apparent sapwood 
density can be more than twice that of heartwood [10, 
11]. Therefore, it must be clarified whether and why the 
measured value of the vibrational properties is affected 
by the apparent density difference between sapwood and 
heartwood under longitudinal or flexural vibration to 
improve the accuracy of log evaluation when using these 
measured values.

However, the influence of the apparent density differ-
ence on the vibrational properties, particularly tan δ, for 
the flexural and longitudinal vibration of logs has not 
been accurately and quantitatively investigated to date.

This study measured E/ρ and tan δ by the flexural 
vibration and longitudinal vibration of 35 sugi (Crypto-
meria japonica) logs, whose heartwood moisture content 
is known to vary largely from one log to another [10, 11], 
and investigated the effect of apparent density differences 
on the longitudinal vibrational properties. It was found 
that the shear strain energy increases with the apparent 
density difference. Then, based on previous studies on 
other materials, such as metals [12–17], the longitudinal 
vibration equation for a cylindrical model with density 
differences between sapwood and heartwood was solved 
to calculate the axial and shear strain energy arising 
within the model. Subsequently, by combining the cal-
culated axial and shear strain energy and estimating the 
shear to axial tan δ ratio based on previous studies, this 
study calculated the amount by which tan δ may change 
in the presence of density differences. Finally, the calcu-
lated tan δ was compared to the measured value.

Materials and methods
Preparation of log specimens
In this study, 35 sugi (Cryptomeria japonica) logs pur-
chased at a market in Kyoto were used as specimens. The 

same specimens used in a previous study by the authors 
[9] were used, excluding specimens with compression 
wood or heart shake. The diameter range of all logs at the 
top end was 200−300 mm, and each log had a length of 
approximately 4 m. The ratio of the heartwood diameter, 
including the transition zone, to the log diameter was 
0.61−0.81 (average of 0.68), and the ratio of the log length 
to the average log diameter was 30.8 − 37.2 (average of 
33.4).

Vibrational test of log specimens
The configuration of the longitudinal vibration test for the 
log specimen is shown in Fig.  1. Vibrational tests on the 
logs were conducted outdoors at 10–20  °C and 30–60% 
Relative humidity at Kitashirakawa Experimental Station 
of Kyoto University in Kyoto, Japan. For the longitudinal 
vibration, the logs were supported at the center using two 
wooden blocks with a width of 45 mm placed close to each 
other, with a spacing of approximately 20  mm. A TEAC 
701 piezoelectric acceleration sensor (frequency range: 
3–30,000  Hz; weight: 3.04  g; TEAC, Tokyo, Japan) was 
attached to the bottom end cross section, and vibration was 
excited by striking the top end cross section with a plastic 
hammer (Fig. 1). The sensor signal was subjected to three-
fold amplification using an amplifier (TEAC SA-611), and 
high-pass filtering at 100 Hz or A-weight filtering using a 
Fast Fourier transform analyzer (Ono Sokki CF5220 or 
CF9400) to eliminate the low frequency domain. The loga-
rithmic decrement λ was obtained from the waveform dur-
ing the first 0.4 s after impact. The resonance frequency fr 
was obtained in 2.5-Hz increments from the frequency 
spectrum, which was processed using a Hanning window. 
From the resonance frequency fr, logarithmic decrement λ, 
and dimension of logs, E/ρ and tan δ were calculated. It is 
noted that in this study ρ denotes density (unit: kg/m3). For 
the flexural vibration, the same tests as those in a previous 
study by the authors [9] were conducted. For the primary 
mode of flexural vibration, the logs were supported at two 

Fig. 1 Configuration of longitudinal vibration test
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nodal positions by extruded polystyrene foam (thickness: 
30  mm; width: 150  mm; Dupont Styrofoam) on wooden 
blocks or directly by two wooden blocks. As in the previous 
study [9], the tan δ values were corrected to be tan δ when 
all logs were supported by extruded polystyrene foam on 
wooden blocks.

Measurement of moisture contents of log specimens
The average moisture content of four disks (each with a 
thickness of approximately 40 mm), which were cut from 
the interior of the log at intervals of 750–1000  mm, was 
measured using the oven-dry method and was defined as 
the measured moisture content of the log. Moreover, the 
heartwood and sapwood parts from one to four disks were 
cut separately. The average moisture content of each heart-
wood or sapwood part was measured using the oven-dry 
method and was defined as the measured heartwood or 
sapwood moisture content of the log, respectively.

Theory and calculation methods for loss tangent
Setting longitudinal vibration equation of cylinder 
with consideration to shear stress
The commonly used longitudinal vibration equation pro-
posed by Timoshenko [18] assumes a beam with uniform 
density. However, to account for the density difference 
between sapwood and heartwood, which was the pri-
mary focus of this study, a more precise vibration equa-
tion must be introduced. In research fields unrelated to 
wood, previous studies have constructed the equation of 
motion of longitudinal wave propagation and vibration in 
cylinders and thin-walled cylinders with radial difference 
in the mechanical properties, and obtained numerical 
solutions for the resonance frequencies [12–17]. There-
fore, this study considered the longitudinal vibration of a 
cylinder as a simple log model, based on the above-men-
tioned studies.

Because the tan δ of wood is small, the equation of 
motion assumes only elastic behavior and does not 
include a viscous term to obtain a numerical solution for 
the equation. Subsequently, tan δ is estimated using the 
strain energy method as described later in this paper.

First, a polar coordinate system for the cylinder is 
introduced, and vibration in the z direction is assumed 
with respect to a cylinder with uniform density ρ, where 
z is the length direction, r is the radial direction, and θ 
is the circumferential direction. The equation of motion 
in the z direction can be written as expressed by Eq.  1, 
based on Fig. 2 [13].

Because wood is an anisotropic material, the elastic 
compliance is defined as follows:
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From the equation relating the strain and displace-
ment in the cylindrical coordinate system according 
to the elastic compliance, Eq.  1 can be rewritten as 
follows:

To determine the deformation of logs, it is neces-
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Fig. 2 Forces in z direction acting on volume element in cylindrical 
coordinates
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Notably, C33 is approximately equal to Young’s modulus 
E in the z direction of wood and C55 is the shear modulus 
G in the z direction on the r-plane. Normally, in the gen-
eral differential equation for longitudinal vibration pro-
posed by Timoshenko [18], the first term of the left side 
is also ignored.

Calculation of longitudinal vibration equation of cylinder 
model with density step
To represent the logs, a cylindrical model considering 
different densities for the sapwood and heartwood was 
used. According to previous studies [19–21], in the range 
of frequencies resulting from the vibration produced by 
striking the logs, both the wood and the water inside the 
wood vibrate in the same phase, and the moisture con-
tent of the wood can be considered as part of the appar-
ent wood density. Therefore, as expressed by Fig. 3, area 
ρ0 was modeled as the sapwood, and area ρ1 was modeled 
as the heartwood, with the radius 0 < r < r1 density as ρ1, 
radius r1 < r < r0 density as ρ0, and average density as ρA. 
Notably, most of the time ρ0 > ρ1, because the moisture 
content is generally much higher in sapwood. The mois-
ture distribution inside logs other than the sapwood and 
heartwood was ignored. Although the logs are actually 
conical in shape, the radius was assumed to be constant 
in the length direction for simplicity. Moreover, the mod-
el’s mechanical properties, such as the elastic compliance 
and axial and shear tan δ, were considered to be constant 
for simplicity, though actual logs have radial and longi-
tudinal variations in the mechanical properties resulting 
from the log’s growth process [22, 23]. Additionally, E 

and tan δ of wood are independent of the moisture con-
tent in the range above fiber saturation point (FSP) [24], 
and the moisture content of logs is typically above FSP.

Under the above assumptions, the equation of motion 
in the longitudinal vibration of the model is expressed by 
Eq. 2, where r > 0. Hereafter, uz which means the displace-
ment in the z direction will be referred to as u.

Under vibration, because the logs do not separate 
at the interface of r1 and move in a body, u can be 
described as a single function with the same frequency 
in the z direction. Therefore, while the second term on 
the left side is the same in the two equations expressed 
by Eq. 2, the right side is different owing to the different 
densities. Hence, the first term on the left side, that is, 
the shear term, should change according to the change 
on the right side.

Assuming a free–free beam, there is neither shear nor 
axial stress on the beam surface, and the boundary con-
ditions are expressed as follows:

Hereafter, Eq. 2 can be solved by separating variables, 
where u is expressed as follows:

Equation  2 can be transformed into Eq.  2′ using 
Eq. 4, where Ẍ denotes the second derivative of X with 
respect to r, P̈ with respect to z, and Q̈ with respect to t.

Here, because the cylindrical model representing the 
logs is excited by longitudinal vibration in the z direc-
tion, P (z) and Q (t), for example, can be described as 
follows:
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Fig. 3 Cylindrical coordinates of wood log model
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considered in this study, D1 = 0 and k = π/l can be cal-
culated from the boundary condition in Eq. 3. Hence, u 
can be rewritten as follows:

Let us assume that τ = 0; then, the first term on the 
left side of Eq. 2′ is zero, and the angular frequency ω 
can be expressed as

using the averaged density ρA.
As can be seen, when the cylinder is sufficiently long 

compared with its diameter, there is little change in the 
frequency owing to X(r) [13]. In actual measurements, 
the E/ρ which is calculated from each resonance fre-
quency are almost identical in terms of flexural and lon-
gitudinal vibration. Therefore, the resonance frequency is 
not changed by the shear stress.

By substituting Eq. 6 into Eq. 2′, the following relation-
ship is obtained:

Further rearrangement yields the following 
relationship:

By applying the boundary conditions of Eq. 3 and solv-
ing Eq.  7′, the solution of X(r) is obtained, which clari-
fies the displacement of longitudinal vibration including 
radial deformation.
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The objective of this study was to calculate how much 
tan δ from longitudinal vibration changes owing to the 
inhomogeneous density inside the logs. However, the dis-
placement function u discussed in the previous section 
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by considering the strain energy, this study estimated the 
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dinal vibration of logs from the respective strain energy 
derived from both the axial and shear stress, and the tan 
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be used to compare the strain energy. Let the maximum 
axial strain energy be UAmax and the maximum shear 
strain energy be USmax; then, the entire strain energy in 
the cylinder model can be described as follows:

From Eq. 4, σz and τzr can be described as follows:

where Q is the maximum amplitude of Q.
Introducing D5 as constant value and substituting Eq. 9 

into Eq. 8 yields the following relationships:

Moreover, by introducing a new constant value D6, 
Eq. 10 can be rewritten as follows:
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δS/tan δA were not measured from the logs. Therefore, 
in this study, the sugi logs’ E/G and tan δS/tan δA values 
above the FSP were estimated based on several previous 
papers. The values were determined by considering that 
the average E of the log specimens used in this study was 
approximately 10 GPa.

First, regarding E/G, because the direct measurement 
of the shear modulus of logs has not been reported, the 
shear moduli in the LR direction obtained in previous 
studies for small specimens and square timbers were 
used. Yamai [28] calculated E/G = 13.4 by carrying out 
compression tests on small specimens and using the 
Jenkin formula. Sobue  et al. [29] measured E/G of sugi 
boxed heart squared sawn timber after air seasoning 
and determined E/G as approximately 15 when E was 10 
GPa. Moreover, some studies [30, 31] have reported that 
the E/G of wood above the FSP is larger than that of air-
dried wood, and the ratio is approximately 1.2. Ueda et al. 
[32] demonstrated that the shear modulus G of commer-
cial sugi boxed-hearted lumbers in the green condition 
is approximately half of that of the same lumbers after 
drying. Because it is well known that E above the FSP is 
approximately 0.8 times that of the air-dried condition 
[33], E/G in the green condition may be at most 1.6 times 
that of the air-dried condition. Hence, E/G of the logs is 
assumed to be 15–25 in this study.

Regarding tan δS/tan δA, its measurement from logs has 
not been reported. Obataya [31] obtained the value of 
approximately 3 in the condition of above the FSP from 
the small specimens of some species including sugi. Ono 
[34] also obtained the value of 2–3.5 from small air-dried 
specimens of several species. Additionally, tan δS/tan δA 
is considered to increase exponentially with E/G. From 
the experimental equations obtained from 101 tree spe-
cies in air-dried condition [35, 36], tan δS/tan δA = 2.5 
when E/G = 15 and tan δS/tan δA = 3.8 when E/G = 20. 
Hence, the tan δS/tan δA of logs is assumed to be 3–4 in 
this study.

Results and discussion
Vibrational properties measured from logs
Figure 4 shows the relationship of E/ρ and tan δ for flex-
ural and longitudinal vibration, as measured from log 
specimens. The tan δ values for the flexural and longi-
tudinal vibration are poorly correlated, while the E/ρ 
values approximately coincide with each other. This dif-
ference is attributed to the particular log characteristics, 
because previous studies [37, 38] using small clear speci-
mens have reported that there is little difference in tan 
δ between flexural and longitudinal vibration. Notably, 
heartwood and sapwood of logs vibrate in a completely 
identical manner, because the same resonance frequency 
and tan δ are obtained regardless of whether the sapwood 

or heartwood are stricken by a hammer or have a piezo-
electric acceleration sensor attached to them.

Moreover, when the average moisture contents of the 
logs are corrected to be same, there is negative correla-
tion between E/ρ and tan δ for flexural vibration, which 
is well known for small clear specimens [39]. However, 
there is no correlation between E/ρ and tan δ for longi-
tudinal vibration. Therefore, it is considered that tan δ for 
longitudinal vibration increases owing to a certain factor, 
while tan δ for flexural vibration exhibits the average tan 
δ value inside the logs. In this study, the shear deforma-
tion in flexural vibration was ignored because the log 
diameter was small compared with the beam length [18, 
40–42].

The average sapwood moisture content was 163% 
(range of 87%–228%), and the average heartwood mois-
ture content was 91% (range of 53%–178%) for all log 
specimens. The average sapwood density in green condi-
tion was 983 kg/m3 (range of 716–1265 kg/m3) and that 
of heartwood was 738  kg/m3 (range of 577–1023  kg/
m3). Some logs with low sapwood moisture content had 
already lost some of their bark and appeared to start to 
dry.

Figure 5 shows the relationship between the ratio of the 
apparent sapwood density to that of heartwood, which 
was calculated from the moisture content difference, and 

Fig. 4 Relationships of E/ρ and tan δ under flexural and longitudinal 
vibration: a E/ρ; b tan δ 
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the tan δ ratio of the longitudinal to the flexural vibra-
tion so as to verify the cause for the increase in tan δ 
under longitudinal vibration. In this study, the oven-dry 
density was assumed to be same in the radial direction, 
because the averaged sapwood to heartwood oven-dry 
density ratio was 0.98 (with standard deviation 0.05) for 
all log specimens. This is consistent with the study by 
Ishiguri et al. [43], who reported that the air-dry density 
of sugi was approximately stable or slightly lower toward 
the bark in the radial direction. In Fig. 5, the tan δ from 
longitudinal vibration increases with the ratio of appar-
ent sapwood density to that of heartwood, despite some 
variations. Therefore, the increase in tan δ from the lon-
gitudinal vibration is attributed to the apparent density 
difference caused by the moisture content difference 
between the sapwood and the heartwood.

Calculation results for rate of increase of tan δ obtained 
by numerical solution of longitudinal vibration
First, the longitudinal vibration equation of the cylin-
drical model with a density difference was calculated. 
Although Eq. 7′ can be calculated using the Bessel func-
tion [13–17], this study obtained a numerical solution 
using the Euler method for simplicity. Figure  6 shows 
the calculation results for X and ∂X/∂r in the range of 
0 < r ≤ 1, with X = 1 and ∂X/∂r = 0 at r = 0.001 and r0 = 1 
as the initial value, and with X being continuous and dif-
ferentiable at r = r1 and the calculation interval Δr = 0.001 
as the calculation condition; r1 = 0.68 and l = 33.4 are 
the measured values of the log specimens; E/G = 20; 
ρ0/ρ1 = 1.1, 1.5, or 2.0.

Subsequently, both the axial and shear strain energy 
can be calculated using Eq. 10′. Figure 7 shows the cal-
culation results for UAmax and USmax as ratios to U, which 
is the maximum axial strain energy when there is no 

density difference, with respect to the apparent density 
ratio when E/G = 15, 20, or 25. The X value is particularly 
large at r1/r0 = 0.68 because the cross-sectional area of 
the sapwood and heartwood is approximately the same.

Finally, the rate of increase of tan δ in the longitudi-
nal vibration H can be calculated using Eq. 12. Figure 8 
shows the calculation results for H using tan δS/tan 
δA = 3 or 4. As E/G and tan δS/tan δA increase, the more 
tan δ from the longitudinal vibration increases with the 

Fig. 5 Relationship between the ratio of apparent sapwood density 
to that of heartwood and ratio of loss tangent from longitudinal 
vibration to that from flexural vibration. Arrows indicate the logs 
whose sapwood moisture content is below 120%

Fig. 6 Calculation results for X(r): a X; b ∂X/∂r. For better clarity, r 
is placed on the vertical axis

Fig. 7 Change in UAmax and USmax by increase in ρ0/ρ1
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sapwood to heartwood density ratio. When the sapwood 
to heartwood density ratio is 2, H, the rate of increase of 
tan δ is calculated in the range of 1.3–2.3.

Comparison between measured and calculated rate 
of increase of tan δ for longitudinal vibration owing 
to apparent density difference
First, measured H was defined for comparison to calcu-
lated H. Under flexural vibration, the density variation in 
the radial direction affects only the rotary inertia [18], in 
contrast to the vibrational properties, which are affected 
more by the surface rather than by the core according to 
the moment of inertia of the area. However, the effect of 
rotary inertia is small for the primary mode of a beam 
with sufficient length relative to the height [18]. Moreo-
ver, as discussed in the previous section, the shear mod-
ulus concerning the flexural vibration with a sufficient 
log length can be ignored [40–42]. Therefore, this study 
assumed the tan δ from flexural vibration as the tan δ 
from the pure axial stress, tan δA, which means that the 
tan δ ratio of the longitudinal to flexural vibration can be 
considered as H (measured H).

Figure  9 shows the comparison of the measured H in 
Fig. 5 to the calculated H in Fig. 8. The calculated H and 
the measured H exhibit similar increasing trends, par-
ticularly with high ρ0/ρ1. Hence, it is concluded that the 
increase of the tan δ from longitudinal vibration com-
pared with that from flexural vibration may have been 
caused by shear stress occurring around the sapwood 
and heartwood interface, owing to the apparent density 
difference.

However, as shown in Fig. 9, the measured H tended to 
be larger than the calculated H overall. Particularly, even 
when there was no difference in the apparent densities 
of the sapwood and heartwood, the longitudinal vibra-
tion tan δ was at least 1.2 times higher than that of the 
flexural vibration, except for logs that appeared to start to 

dry. For logs with no disparity in the sapwood and heart-
wood moisture content, and logs that have not yet started 
drying, both the sapwood and heartwood maintain high 
moisture content levels. This suggests that, even if the 
measured sapwood and heartwood moisture content 
appear similar, there could be non-uniform moisture dis-
tribution within both, including localized drops in mois-
ture content, particularly in the transition zone. Although 
detailed moisture content distribution was not measured 
in this study, Nakada [11] indicated that heartwood mois-
ture content sometimes varies a lot. Consequently, the 
actual radial density distribution is likely more intricate 
than assumed in this study, giving rise to complex shear 
stresses in the model. This is consistent with the fact that 
the measured H values are lower for some logs with low 
sapwood moisture content that exhibit the initiation of 
drying (as indicated by the arrows in Fig. 5).

Moreover, by classifying the logs by E/ρ and adjusting 
their moisture content to be the FSP, it was found that 
smaller E/ρ values tend to have larger H within the same 
ρ0/ρ1 ratio. Considering that previous research [44] has 
shown that timber with knots has smaller E and larger 
E/G compared with timber without knots, it follows that 
logs with smaller E and larger E/G exhibit larger increase 
in tan δ, although the variation reported by a previous 
study is too large.

Conclusions
This study clarified that, as the ratio of apparent  sap-
wood density to that of heartwood increases owing to 
the difference in moisture content, the tan δ for longitu-
dinal vibration increases compared with that for flexural 
vibration. Additionally, it was shown the increase of tan 
δ can be explained by the shear modulus induced inside 

Fig. 8 Change in H by increase in ρ0/ρ1 under various mechanical 
properties

Fig. 9 Comparison between measured H from sugi logs 
and calculated H. Difference in color denotes the classification of logs 
by corrected E/ρ in their moisture contents at FSP. The six lines 
are the same as Fig. 8. The logs whose sapwood moisture content 
is below 120% are excluded
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the log when the sapwood and heartwood have different 
apparent densities. By comparing the vibrational proper-
ties of the longitudinal and flexural vibrations of 35 sugi 
logs, it was found that tan δ differed significantly, while 
E/ρ was approximately the same. Positive correlation was 
observed between the ratio of apparent sapwood density 
to that of heartwood, and the ratio of tan δ of longitudi-
nal vibration to flexural vibration. Then, to calculate tan 
δ, a cylindrical model considering the apparent density 
difference of sapwood and heartwood was introduced. By 
calculating the axial and shear strain energy through the 
numerical solution of a differential equation, it was found 
that the shear strain energy increases in accordance with 
the density difference ratio. The rate of increase of tan δ 
calculated based on literature data is in good agreement 
with the measured rate of increase of tan δ under longitu-
dinal vibration.

Abbreviation
FSP  Fiber saturation point
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