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Abstract 

Most of the currently employed methods, such as Gamma method and shear analogy method, to estimate 
the bending stiffness and bending capacity of cross-laminated timber (CLT) beams, are computationally extensive. 
In our previous study, a rolling shear analysis (RSA)-based method, which simplifies the calculation, was developed 
to determine the shearing capacity of CLT beams. In the present study, the authors expand upon the RSA method 
to determine the apparent stiffness and bending capacity of 3- and 5-layer CLT beams. By considering the shear 
deformation of cross layers, simplified formulas to determine the apparent bending stiffness of CLT beam was derived. 
Two schemes to determine the CLT bending capacity were proposed. One is based on the shear stress analysis, 
and the other is based on the formula specified in Canadian standard, CSA O86, by replacing the effective stiff-
ness with the apparent stiffness. Test results from the authors and the other researchers were adopted to validate 
the method. The findings showed that the RSA method, using the apparent stiffness obtained from the proposed 
method along with the bending capacity formula in CSA O86, can provide a simpler and more reliable estimation 
of the apparent bending stiffness and bending capacity of CLT beams as compared to the Gamma method and shear 
analogy method.
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Introduction
The heretical structure of cross-laminated timber (CLT) 
determines that shear weakness must be an inherent 
property of CLT panels when subjected to out-of-plane 
bending [1]. As specified in Canadian standard, CSA O86 
[2], rolling shear modulus of a CLT board is estimated as 

1/160 of the modulus parallel to grain. Hence, the shear 
deformation in cross layers could be significant, conse-
quently the beam theory based on the Euler–Bernoulli 
assumption, which stated that the strain on any arbitrary 
position of a cross section is linearly proportional to the 
distances from the position to the neutral axis of global 
bending, cannot be directly applied to the bending prob-
lems of CLT beam to predict their bending stiffness and 
bending capacity. Currently, the most accepted methods 
for predicting the bending properties of CLT beams [3, 
4] are modified from beam theory, such as shear anal-
ogy method and Gamma method, etc. These methods 
assume the cross layer as mechanical joints that carry 
all the shear deformation of the beam, while the applied 
load was carried by the parallel layers. The apparent 
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stiffness of the beam was estimated by introducing a con-
nection efficiency parameter (Gamma method) or using 
Timoshenko beam theory (shear analogy method). The 
assessment of analytical methods, i.e., shear analogy 
method and Gamma method for predicting the bending 
performances of CLT panels was investigated by Chris-
tovasilis et  al. [5]. They studied the accuracy and the 
reliability of these methods by comparing the predic-
tion results with the test results, and concluded that all 
the methods are applicable for determining the bending 
strength and stiffness whereas have lower reliability for 
determining the shear performances because of the com-
plicated mechanism of rolling shear.

Extensive studies confirmed that the layup, thickness, 
and even the saw pattern of CLT boards can significantly 
influence the performances of rolling shear. Flores et al. 
[6] studied the rolling shear properties by homogeniza-
tion and cohesive model on multi-scale beams. The con-
stitutive properties of the model included the information 
from cell-wall in nanometer-scale and the growing ring 
in millimeter-scale, whereas the governing equation was 
obtained by using homogenization technique and was 
solved by using finite element method. Obviously, this 
multi-scale model is not applicable for design calculation 
because it is impossible for the manufactures to provide 
the material properties on micro scale. Franzonia et  al. 
[7] presented an analytical solution for two-layered beam 
with interlayer slip and provided an analytical solution 
for deflection, slip, cross-sectional rotation, and inter-
nal forces. In order to assess the CLT panels with regu-
lar gaps in cross layers, Ecsedi et al. [8] modeled the CLT 
panels with gaps as a space frame of beams connected 
with wooden blocks. A closed-form formulas for pre-
dicting the panel’s stiffnesses and maximum longitudinal 
and rolling shear stresses were developed. In general, the 
methods mentioned above have taken comprehensive 
effects of rolling shear into consideration, however, they 
are complicated for design use.

Numerical methods are considered as the most pow-
erful way to deal with the material anisotropy of CLT 
beams. The literatures on this field are abundant [9–15]. 
However, because of the difficulties to simulate the com-
plicated damage process, extensive calculations are also 
need [16]. For this reason, analytical model is still an 
attractive method for the analysis of CLT beams.

More recently, Huang et al. [17] developed an analyti-
cal model to predict the shear capacity of short-span CLT 
beams. The model takes the cross layer as a continuum 
joint medium between the parallel layers. CLT bend-
ing member is treated as a composite beam that con-
sist of the parallel layers coupled by the joint medium. 
The simplified formulas to predict the shear capacity 
of CLT beams were obtained based on the analysis of 

rolling shear stress. Hence, the model was named as roll-
ing stress analysis-based model (RSA) model. To deal 
with CLT cross layers as continuum joint medium was 
firstly reported by Huang et al. [18] when they developed 
a model to predict the load-carrying capacity of CLT 
panels loaded with combined bending and compression.

By using RSA method, the present study aims to 
develop an analytical method to determine the apparent 
stiffness and the bending capacity of CLT beams. Simpli-
fied formulas applicable for design calculations were pro-
posed. The formulas are much simpler than the currently 
used approaches but without losing accuracy. This paper 
is arranged as follows. After introduction, the most pop-
ular methods accepted by the design standard / manus, 
i.e., Gamma method, shear analogy method, and the sim-
plified method in CSA O86, were summarized in ‘Sum-
mary of currently used methods’. The establishment of 
RSA model used for design purpose to predict the appar-
ent bending stiffness and bending capacity of CLT beams 
was presented in ‘Methods’. Validation of the proposed 
RSA model was given in ‘Validation’; and finally, discus-
sions and conclusions on the use of RSA method were 
provided in ‘Discussions and conclusions’.

Summary of currently used methods
Apparent bending stiffness
Gamma method and shear analogy method are based on 
the mechanical joint theory which was originally devel-
oped for the composite beams connected with fasteners 
to calculate their apparent stiffness [19]. It was modified 
for CLT bending problem by imaging the cross layers 
as continuously distributed fasteners with slip modu-
lus being equal to the modulus of rolling shear [20]. It 
assumes the load on CLT beam are only carried by the 
boards oriented in the longitudinal direction, while shear 
deformations are only occurred in cross layers. A coeffi-
cient, γ , was introduced to measure the connection effi-
ciency of cross layer, with γ = 1 representing completely 
glued members, and γ = 0 representing no connection at 
all. The apparent bending stiffness of CLT beam can be 
determined by

The connection coefficient, γ , can be determined as 
follow

Shear analogy method models CLT panel as two virtual 
beams, beams A and B, coupled by infinitely rigid web. 

(1)(EI)app =
n

∑

i=1

(

EiIi + γiEiAiZ
2
i

)

(2)γi =
(

1+
π2EiAi

L2
·

t

GRb

)−1
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They are used to obtain the sum of the moment of iner-
tia and the second moment of area for all the individual 
layers, respectively. The effective bending stiffness of the 
CLT beam equals to the summation of the stiffness of 
beam A and beam B, and is denoted as

The effective shear stiffness of the beam is determined 
by

The deflection of the beam is calculated referring to 
Timoshenko beam theory by replacing the bending stiff-
ness, EI, and shear stiffness, GA, with the effective bend-
ing stiffness, (EI)eff , and effective shear stiffness, (GA)eff , 
respectively. For the simply supported CLT beam, the 
apparent bending stiffness can be shown as Eq. (5).

Shear analogy method has been employed in Canadian 
standard CSA O86 [2] to calculate the bending stiffness 
of CLT beams.

Moment resistance
Gamma method assumes the failure happens if the sum-
mation of normal stress on the outmost parallel layer 
caused by local and global bending reaches its bend-
ing strength. The moment of resistance of CLT beam, 
according to Gamma method, can be given as

where, h1 is the thickness of the outer parallel layer.
The method to calculate the moment resistance for 

CLT beam used in CSA O86 [2] is a simplified method. 
It was modified from Euler’s beam theory for calculat-
ing normal stress over the cross-section of the isotropic 
beams by replacing the bending stiffness with the effec-
tive stiffness. The moment resistance is denoted as

where, H is the depth of CLT beam; φ = 0.9 is the resist-
ance factor. This formula is also adopted by shear analogy 
method to calculated the moment resistance by replacing 
the effective stiffness with the associated apparent bend-
ing stiffness.

(3)(EI)eff =
n

∑

i=1

(

EiIi + EiAiZ
2
i

)

(4)(GA)eff = a2

(

h1

2G1b
+

n−1
∑

i=2

hi

Gibi
+

hn

2Gnb

)−1

(5)(EI)app =
(EI)eff

1+ 12(EI)eff/(GA)effL
2

(6)Mr =
fb(EI)eff

EL(γ1Z1 + 0.5h1)

(7)Mr = φ
fb(EI)eff
0.5ELH

Obviously, the above methods ignored the mecha-
nism of rolling shear. Furthermore, Eqs. (1), (2), and (5) 
show that the apparent bending stiffness calculated form 
Gamma method and shear analogy method are reduced 
with the decrease of squared length of the span of CLT 
beam. As shown in the following text, the apparent bend-
ing stiffness can be significantly lower than the effective 
stiffness if the span-to-depth ratio is less than 15. This 
could lead to unacceptable errors for calculating the 
moment resistance and deformation for CLT beams of 
small span-to-depth ratio. To overcome the above short-
comings, RSA method was adopted in the present study. 
The method firstly derived the apparent bending stiffness 
on the bases of rolling shear analysis, and then provide a 
simplified formula to determine the bending capacity of 
CLT beams. The details are presented as follows.

Methods
Rolling shear stress
For simplicity but without losing generality, consider a 
simply supported 3-layer CLT beam with a concentrated 
load between the two supports, shown as Fig. 1a. Accord-
ing to the RSA method proposed by Huang et al. [17], the 
cross layer is deemed as a continuum joint medium while 
the external load is carried by the parallel layers. Take the 
segment from the left support to the arbitrary position 
x ≤ l , which subjected to combined bending and shear-
ing actions (BS segment), into consideration. The forces 
on the BS segment of a length x can be illustrated as 
Fig. 1(b), where, x is the distance from the left support to 
the loading position. Supposing the moduli of elasticity 
(MOE) of parallel layers and cross layers in longitudinal 
direction are E0 and E90 , respectively, and the modulus of 
rolling shear is GR . The rolling shear stress varies against 
the location, x, has been derived by previous study [17] 
and can be noted as Eq. (8).

where, V2 is the shear force carried by the lower parallel 
layer; α , β , and ψ are parameters independent of the vari-
able x. For 3-layer panel, α is given as

while for 5-layer CLT, α is given as

The other two parameters are given as Eqs. (11) and 
(12).

(8)τ(x) = ψ
(

eαx + e−αx
)

+
2β

α2
V2

(9)α2 =
GR

E0t

(

2

A
+

h2

2I
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(10)α2 =
GR

E0t

(

1

A
+

3h2

4I

)
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where, h and t are the thickness of parallel and cross lay-
ers, respectively; I is the section moment of inertia of 
parallel layers; A is the section area of parallel layers. For 
simplicity, supposing the beam has unit width, hence 
there must have I = h3/12 and A = h . The axial force 
and the moment carried by the outmost parallel layer 
can be obtained by the equilibrium conditions, shown as 
Fig. 1b, which can be expressed as [17]

Because the parallel layers have the same thickness, there 
must have that V1 = V2 , M1 = M2 , and N1 = −N2 . Thus, 
the axial force and moment on the upper parallel can be 
obtained.

Apparent bending stiffness
For the simply supported beam shown in Fig. 1, the effec-
tive bending stiffness, (EI)eff , can be noted as Eq. (15) if the 
shear deformation is ignored.

(11)β =
GRh

2E0It

(12)ψ = −
2βV2

α2(eαl + e−αl)

(13)

N2(x) =
∫ x

0
τ (x) dx =

ψ

α

(

eαx − e−αx
)

+
2β

α2
V2x

(14)M2(x) = V2x −
h

2
N2(x)

(15)(EI)eff =
n

∑

i=1

(EiIi + AiZi)

where, Ei is the MOE of each layer. It equals to E0 for par-
allel layer while equals to E90 for cross layer; Ii and Ai are 
the moment of inertia and area of each layer, respectively; 
Zi is the distance from the center of each layer to the 
neutral axial of global bending. Assuming the moment-
induced deflection is ym , the deflection of the beam at 
any position must fulfill Eq. (16).

where, M is the moment on the beam. On the other hand, 
if the deflection caused by shear deformation is consid-
ered, the overall deflection of the beam must be the sum 
of the deflections caused by bending and shearing, i.e., 
y = ys + ym . Thus, the deformation of the beam can be 
expressed as

where, (EI)app is the apparent stiffness of which shear 
deformation is considered; ys is the deflection caused by 
shear deformation. Obviously, Eqs. (16) and (17) give the 
relationship between the effective stiffness and apparent 
stiffness, shown as Eq. (18).

where, y′′ = d2y

dx2
 . According to the beam theory [21], 

the contribution of the axial deformation to the vertical 
deflection can be ignored, thus, the shear strain of the 
cross layer can be expressed as Eq. (19).

(16)(EI)eff
d2ym

dx2
= −M

(17)(EI)app
d2

dx2

(

ys + ym
)

= −M

(18)(EI)app =
(EI)eff

1+ y′′s /y
′′
m

Fig.1  Mechanical model for rolling shear analysis; a the simply supported CLT beam with a concentrated load; b the internal forces on the parallel 
layers; where, VL and VR are the reaction forces at the left and right support, respectively
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where, γR is the strain of rolling shear. For the rolling 
shear stress, τ , the constitutive law yields γR = τ/GR , 
hence we further have

Substituting Eq. (8) into Eq. (20) leads to

Substituting Eq.  (12) into Eq.  (21), and considering 
V = 2V2 for 3-layer CLT panel, Eq. (21) can be further 
written as

Using Eqs. (16), (18), (20), and, (22), and consider-
ing M = Vx , and (eαx + e−αx)/

(

eαx − e−αx
)

→ 1 as x 
increasing, the relationship between the apparent stiff-
ness and the effective stiffness can be obtained, shown 
as Eq. (23).

Equation  (23) indicates that the apparent stiffness is 
the function of position, x. It varies along the longitu-
dinal direction from one section to another. Since the 
amount of the variation is not significant, the apparent 
stiffness at the loading position, where the maximum 
deflection occurs, is taken as the apparent stiffness of 
the beam. Let x = l , and substituting Eqs. (9) or (10), 
and (11) into Eq.  (22), yield the apparent stiffness of 
3-layer CLT beam and 5-layer CLT beam, shown as 
Eqs. (24) and  (25), respectively.

Usually, the thickness of parallel layers and cross lay-
ers are the same. The modulus of rolling shear GR can 
be estimated as E0/160 according CSA O86. Therefore, 
Eqs. (24) and (25) can be further simplify as Eqs. (26) 
and (27), respectively.

(19)γR =
dys

dx

(20)
d2ys

dx2
=

1

GR

dτ

dx

(21)
d2ys

dx2
=

αψ

GR

(

eαx − e−αx
)

(22)
d2ys

dx2
= −

2βV2

α(eαx + e−αx)GR

(

eαx − e−αx
)

(23)(EI)app =
(EI)eff

1+ β(EI)eff
αGRx

(24)(EI)app =
(EI)eff

1+ h
24l

√

3E0h
GRt

(25)(EI)app =
(EI)eff

1+ h
2l

√

E0h
10GRt

where, H is the depth of CLT panel. For conservation, 
it can be taken as 3 h for 3-layer CLT panel and 5 h for 
5-layer CLT panel; L is the span of CLT beam. Equa-
tions  (26) and (27) show that the apparent stiffness 
depends on the span-to-depth ratio, section sizes, and 
the MOE of material. This finding differs from that of 
Gamma method and shear analogy method because the 
apparent stiffness calculated from to these two methods 
depends on L2.

In order to illustrate the influence of span-to-depth 
ratio on the reduction of apparent stiffness of CLT 
beams, we define the quantity

as the coefficient of stiffness reduction due to rolling 
shear. For 3-layer and 5-layer, the coefficients can be 
noted as Eq. (29) and (30), respectively.

Figure  2 compares the coefficient of stiffness reduc-
tion versus the span-to-depth ratio calculated by RSA 
method, Gamma method, and shear analogy method. 
The results of all three methods indicated that the 
stiffness reduction for 3-layer CLT panels is smaller 

(26)(EI)app, 3-layer =
(EI)eff

1+
√
30H
3L

(27)(EI)app, 5-layer =
(EI)eff

1+ 4H
5L

(28)ζ =
(EI)app

(EI)eff

(29)ς 3-layer =

(

1+

√
30H

3L

)−1

(30)ς5-layer =
(

1+
4H

5L

)−1
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Fig. 2  Comparing of the coefficients of stiffness reduction calculated 
from RSA method, shear analogy method, and Gamma method
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than that for 5-layer CLT panels. Based on the RSA 
method, the coefficient of stiffness reduction for the 
RSA method ranged from 0.77 to 0.94 for 3-layer panels 
and from 0.87 to 0.97 for 5-layer panels, with a change 
in the span-to-depth ratio between 6 and 30. On the 
other hand, the Gamma method showed a coefficient of 
stiffness reduction ranging from 0.23 to 0.83 for 3-layer 
panels and from 0.38 to 0.92 for 5-layer panels. Simi-
larly, the results for shear analogy method are consist-
ent with RSA and Gamma methods. Figure  2 shows 
that the apparent stiffness of CLT beams, calculated 
by both Gamma method and shear analogy method, 
is significantly lower than the effective stiffness for 
beams with small span-to-depth ratios. For example, 
for 5-layer panels with a span-to-depth ratio less than 
12, the apparent stiffness decreases by 25% while for 
3-layer panels, the decrease is 50%. However, the RSA 
method shows the apparent stiffness only about 10% 
lower for 5-layer panels and up to 25% lower for 3-layer 
panels. For larger span-to-depth ratios, like those 
greater than 30, the apparent stiffness calculated using 
all three methods becomes identical for 5-layer panels. 
In contrast, for 3-layer panels, the RSA method pro-
duces results that are approximately 10% higher than 
those obtained from Gamma method and shear analogy 
method. These results are similar to those reported ear-
lier by Christovasilis in their research [5], which stated 
that the shear analogy method underestimates the 
bending stiffness of softwood and hardwood CLT pan-
els by less than 5% and 25%, respectively. These findings 
suggest that the RSA method is more accurate in pre-
dicting the real bending stiffness of CLT beams com-
pared to Gamma method and shear analogy method.

Moment resistance
It has been confirmed by extensive studies [22–25] that 
the bending failure of CLT beams are usually caused by 
the rupture of the outmost parallel layer. Therefore, it is 
reasonable to establish the failure criterion of CLT beam 
on the bases of analyzing outmost parallel layer. We firstly 
take the 3-layer CLT beam into consideration. Assuming 
parallel layers have the same thickness, the internal forces 
on the interested section are shown in Fig.  3a. It shows 
that the moment resistance at the cross section can be 
noted as

where, t is the thickness of cross layer; h is the thickness 
of parallel layers. Let M2(l) , N2(l) , and V2(l) , denote the 
moment, axial force, and the shear force at the failure 
section, respectively, the failure condition of the layer can 
be expressed as

(31)Mr = M1 +M2 + N (h+ t)

where, fb is the bending strength of the lower parallel 
layer; A2 and W2 are the area and the section modulus 
of the failure cross section, respectively. Using Eqs. (13), 
(14) and Eq. (32), and considering that the value of item 
e−αl is much smaller than that of eαl because the bend-
ing member usually has large span, the vertical force on 
the failure cross section can be obtained, as shown in 
Eq. (33).

Therefore, the axial force and the moment at failure 
section can be obtained by using Eqs. (33), (13), and 
(14), shown as Eqs. (34) and (35), respectively.

The moment resistance of the 3-layer CLT beam can 
be obtained by using Eqs. (31), (33), and (35), as shown 
in Eqs. (36).

For 5-layer CLT beam, the local moment 
carried by the middle parallel layer is 
M3 = h

∫ l
0 τ (x) dx = N2h = 2M2 , as shown in Fig. 3 (b). 

Thus, the moment resistance of the 5-layer CLT beam 
can be calculated as

Equations  (36) and (37) can be further expressed as 
Eqs. (38) and (39) by using Eqs. (36), (37), and (32).

(32)
N2(l)

A2
+

M2(l)

W2
= fb

(33)V2 =
fb

2β
α2

(

1
A2

− h
2W2

)(

l − 1
α

)

+ l
W2

(34)N2(l) =
2β

α2

(

l −
1

α

)

V2

(35)M2 = V2l −
1

2
hN2

(36)Mr,3-layer = 2M2 + N2(h+ t)

(37)Mr,5-layer = 4M2 + 2N2(h+ t)
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Fig. 3  The moment resistance and the internal forces on the cross 
section; a 3-layer beam; b 5-layer beam
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where, the coefficients are denoted as

Equations  (38) and (39) are complicated and are not 
user friendly for design calculation. It is perhaps more 
convenient to use the method specified in CSA O86 by 
replacing the effective stiffness with the apparent stiff-
ness shown in Eqs.  (42) and (43) for 3-layer CLT beam 
and 5-layer CLT beam, respectively. Thus, the formula 
to determine the bending resistances of 3-layer and 
5-layer CLT beams can be noted as Eqs. (42) and (43), 
respectively.

If we let φ =
(

1+
√
30H
3L

)−1
 for 3-layer CLT beam and 

φ =
(

1+ 4H
5L

)−1
 for 5-layer CLT beam, Eqs. (42) and 

(43) have the same form as Eq. (7) specified on Canadian 

(38)Mr, 3-layer =
[�(2+ η)l + ξ(h+ t)]fb

[

2β
α2

(

1
A2

− h
2W2

)(

l − 1
α

)

+ l
W2

]

(39)Mr, 5-layer =
[�(3+ 2η)l + 2ξ(h+ t)]fb

[

2β
α2

(

1
A2

− h
2W2

)(

l − 1
α

)

+ l
W2

]

(40)� = 1−
βh

α2

(

1−
1

αl

)

(41)ξ =
2β

α2

(

l −
1

α

)

(42)Mr, 3-layer =
fb(EI)eff
0.5E0H

·

(

1+

√
30H

3L

)−1

(43)Mr, 5-layer =
fb(EI)eff
0.5E0H

·
(

1+
4H

5L

)−1

standard CSA O86 to determine the bending capacity of 
CLT beams. However, it is important to note that the def-
inition of φ in CSA O86 pertains to reliability considera-
tions, which differs from the concept of stiffness 
reduction coefficient proposed in this study. As demon-
strated in ‘Apparent bending stiffness’ that coefficient φ 
varies from 0.85 to 0.94 for 3-layer CLT panel, while from 
0.94 to 0.97 for 5-layer CLT panel, as the span-to-depth 
ratio varies from 12 to 30. This happens to be largely con-
sistent with the value specified in CSA O86.

Validation
In order to validate the proposed model, specimens 
tested by the authors and the other researchers [26–28] 
were adopted as the samples for predicting the apparent 
stiffness and bending capacity. The material properties 
and the specimen dimensions are presented in Table  1. 
The specimens named as SPF-3 and SPF-5 were test by 
the authors. The laminations that were used to make 
the CLT panels came from Canada and glued by a Chi-
nese Company. The MOE and the strength of bending 
strength of the laminations were obtained from 4-point 
bending test in accordance with the ASTM standard D 
198 [29]. In total 9 specimens were tested to determine 
the MOE and the bending strength, respectively. The 
mean values of the tested results are shown in Table  1. 
The mean value of the MOE of bending is 8360  MPa 
with the variable coefficient of 11.71, and the bending 
strength is 31.02  MPa with the variable coefficient of 
5.49. The specimens tested by the other researchers were 
originally used to determine the bending strength of the 
CLT laminations by using Gamma method or shear anal-
ogy method. In the following validation calculations, the 
bending strength is used as the input to calculate the 
maximum load of CLT beams.

Table 1  Mechanical properties and dimensions of the validation specimens

References Specimens Number of 
layers

Material properties (MPa) Dimensions (mm)

Test by the authors SPF-3/3000 3 E0 = 8360,fb = 31.02 b = 400, h = 35, t = 35, L = 3300, a = 1000

SPF-5/3000 5 E0 = 8360,fb = 31.02 b = 400, h = 35, t = 35, L = 3300, a = 1000

He [26] CLT-S/4825 5 E0 = 10766.510766.5,fb = 24.91 b = 305, h = 35, t = 35, L = 4825, a = 1887.5

Navaratnam [27] CL3/105/2100 3 E0 = 8000,fb = 26.61 b = 520, h = 35, t = 35, L = 2100, a = 682.5

CL3/105/2940 3 E0 = 8000,fb = 23.41 b = 520, h = 35, t = 35, L = 2940, a = 1102.5

CL5/145/2900 5 E0 = 8000,fb = 28.67 b = 520, h = 35, t = 20, L = 2900, a = 942.5

CL5/145/4020 5 E0 = 8000,fb = 26.84 b = 520, h = 35, t = 20, L = 4020, a = 1575

Sikora [28] B-3-20/1440 3 E0 = 8160 , fb = 37.71 b = 270, h = 20, t = 20, L = 1440, a = 540

B-3-24/1296 3 E0 = 8160,fb = 35.55 b = 288, h = 24, t = 24, L = 1296, a = 432

B-3-40/2880 3 E0 = 8160 , fb = 25.14 b = 584, h = 40, t = 40, L = 2880, a = 1080

B-5-20/2400 5 E0 = 8160 , fb = 33.62 b = 576, h = 20, t = 20, L = 2400, a = 900
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Table  2 presents the apparent bending stiffnesses 
obtained from the test and the prediction by using 
RSA method, Gamma method, and shear analogy 
method. The effective stiffnesses are also included. It 
is evident that the RSA method gives the most accu-
rate prediction for all test specimens. Except for speci-
men CL3/105/2100, differences between the prediction 
and the test results fall within ± 20%. Gamma method 
and Shear analogy method yield similar prediction on 
apparent bending stiffness, however, the differences 
between the prediction and test results are larger than 
RSA method.

It should be noted from Table 2 that for the first seven 
specimens, the apparent bending stiffness from the tests 
are greater than the effective stiffness. As the apparent 
stiffness must be smaller than the effective stiffness due 
to the shear deformation. Therefore, these apparent stiff-
nesses must be overestimated in tests.

Table  3 compares bending capacities of the speci-
mens obtained by testing with those determined by RSA 
method, Gamma method, shear analogy method, and 
the method in CSA O86. The values in RSA-1 column 
were calculated by using Eq.  (36) or Eq.  (37), and those 
in RSA-2 column were calculated by using Eq.  (42) or 
Eq.  (43). The discrepancies between the prediction and 
the test results are also presented in Table 3. Discrepan-
cies that are greater than ± 20% are highlighted in grey. 
It was found that for the specimens CLT-S/4825 and 
CLT3/105/2100, the discrepancies are greater than ± 20%. 
For specimen CL3/105/2940, only the proposed method, 
i.e., RSA-2, gives the closest prediction with a discrep-
ancy of -10.96%, whereas the predictions from the other 
methods significantly deviated from test results.

Furthermore, it is evident, according to Table  3, that 
the predictions obtained using Eq.  (31) and CSA O86 
are highly comparable. With the exception of unreliable 

Table 2  Comparing the apparent stiffness obtained by prediction with that by testing

Specimens Span-to-
depth 
ratio

Test (kN·m2) Effective 
stiffness 
(kN·m2)

Proposed 
method 
(kN·m2)

Differences 
(%)

Gamma 
(kN·m2)

Differences Shear 
analogy 
(kN·m2)

Differences 
(%)

SPF-3/3000 28.57 3.865 3.130 3.100 − 19.79 2.674 − 30.82 2.755 − 28.72

SPF-5/3000 17.14 14.158 11.876 11.630 − 17.86 10.098 − 28.68 10.056 − 28.97

CLT-S/4825 27.57 15.781 11.663 11.496 − 18.29 10.751 − 30.87 11.049 − 29.99

CL3/105/2100 20.00 4.57 3.894 3.836 − 27.15 2.777 − 39.23 2.935 − 35.78

CL3/105/2940 28.00 4.75 3.894 3.852 − 15.71 3.212 − 32.38 3.329 − 29.92

CL5/145/2900 20.00 10.70 9.276 8.989 − 15.99 8.231 − 23.07 8.404 − 20.16

CL5/145/4020 27.72 9.73 9.276 9.067 − 6.81 8.691 − 10.68 8.810 − 9.64

B-3-20/1440 24.00 0.369 0.385 0.380 2.89 0.2996 − 18.81 0.3131 − 15.15

B-3-24/1296 18.00 0.664 0.709 0.697 4.95 0.4756 − 28.37 0.5060 − 23.80

B-3-40/2880 24.00 6.361 6.659 6.576 3.38 5.184 − 18.50 5.419 − 14.81

B-5-20/2400 24.0 3.139 3.115 3.064 − 2.39 2.805 − 10.64 2.890 − 7.90

Table 3  Comparing the bending capacity obtained by prediction and that by testing

Specimens Test (kN·m2) RSA-1 (kN·m2)/Error RSA-2 (kN·m2)/Error 
(%)

Gamma (kN·m2)/
Error (%)

Shear analogy 
(kN·m2)/Error

CSA O86 
(kN·m2)/Error 
(%)

SPF-3/3300 23.18 23.23 0.22 27.56 18.90 22.28 − 3.88 20.65 − 10.91 23.31 0.56

SPF-5/3300 52.07 52.29 0.42 42.43 − 18.51 51.64 − 6.47 44.81 − 13.84 53.65 3.03

CLT-S/4825 41.35 30.40 − 26.48 26.28 − 36.44 30.29 − 26.75 29.22 − 29.33 30.98 − 25.08

CL3/105/2100 32.35 24.30 − 24.88 25.13 − 22.32 22.08 − 31.75 18.60 − 42.50 24.51 − 24.23

CL3/105/2940 28.65 21.47 − 25.06 25.51 − 10.96 20.39 − 28.83 18.56 − 35.22 21.57 − 24.71

CL5/145/2900 49.19 44.43 − 9.68 44.72 − 9.09 44.62 − 9.29 41.54 − 16.77 45.97 − 6.55

CL5/145/4020 45.44 41.61 − 8.43 44.35 − 2.40 41.80 − 8.01 38.99 − 14.19 43.03 − 5.30

B-3-20/1440 5.88 5.85 − 0.51 6.70 13.95 5.46 − 7.14 4.82 − 18.03 5.89 0.17

B-3-24/1296 8.52 8.44 − 0.94 8.47 − 0.59 7.52 − 11.74 6.12 − 28.17 8.53 0.12

B-3-40/2880 33.94 33.76 − 0.53 38.66 13.91 31.53 − 7.10 27.83 − 18.00 33.98 0.41

B-5-20/2400 25.78 25.25 − 2.06 21.45 − 16.80 25.10 − 2.64 23.99 − 6.94 25.79 0.04
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data highlighted in gray, both RSA method and CSA O86, 
i.e., Eqs. (31) and (7), provide reasonable estimations 
for the bending capacity of CLT beams. The accuracy of 
the Gamma method surpasses that of the shear analogy 
method. Therefore, it can be inferred that the RSA and 
CSA O86 methods are both straightforward and depend-
able in determining the bending capacity of CLT beams.

Discussions and conclusions
In general, the RSA method yields larger predictions of 
apparent stiffness for CLT beams compared to those pre-
dicted by the Gamma method and shear analogy method. 
However, as the span-to-depth ratio increases, the pre-
dicted bending stiffness from these three methods tend 
to convergence. Comparing to the effective bending stiff-
ness which ignores the effect of rolling shear, when the 
span-to-depth ratio of CLT beam less than 12, the pre-
diction apparent stiffness is up to 80% lower for 5-layer 
beam and 60% lower for 3-layer beam. Test results indi-
cated that RSA method gives more reliable prediction for 
bending stiffness. Therefore, it is recommended that RSA 
method can be used to determine the apparent stiffness.

RSA method takes the cross layer of CLT beam as 
the continuum joint media that couples the parallels as 
a composite beam. By replacing the constrains of the 
cross layers with the rolling shear stress for the parallel 
layers, RSA method converts the analysis of the parallel 
layer of CLT beam to the problem of elastic-foundation 
beam. Bending capacity was obtained by treating the roll-
ing shear stress as an applied load on parallel layer. The 
limitation of this method is that the vertical forces at the 
end of cross layers are ignored, which could lead to the 
predicted rolling shear stress deviating from the real case, 
especially for more than 3-layer CLT beams. Therefore, 
RSA method may lead to great errors in predicting the 
bending capacity of the CLT beams with more than five 
layers. However, because RSA method yields good pre-
diction of apparent bending stiffness, Eqs. (42) and (43) 
are recommended to determine the bending capacity of 
CLT beams.
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